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Abstract
We develop further the effective fluid theory of stationary branes. This formalism applies to stationary
blackfolds as well as to other equilibrium brane systems at finite temperature. The effective theory is
described by a Lagrangian containing the information about the elastic dynamics of the brane embedding
as well as the hydrodynamics of the effective fluid living on the brane. The Lagrangian is corrected
order-by-order in a derivative expansion, where we take into account the dipole moment of the brane
which encompasses finite-thickness corrections, including transverse spin. We describe how to extract the
thermodynamics from the Lagrangian and we obtain constraints on the higher-derivative terms with one
and two derivatives. These constraints follow by comparing the brane thermodynamics with the conserved
currents associated with background Killing vector fields. In particular, we fix uniquely the one- and two-
derivative terms describing the coupling of the transverse spin to the background space-time. Finally, we
apply our formalism to two blackfold examples, the black tori and charged black rings and compare the
latter to a numerically generated solution.
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1 Introduction
Physics of branes has been a tremendously useful and important subject in the last two decades. Beyond
the fundamental string, there are a number of important types of branes in string and M-theory. At
zero temperature the effective description of such branes in the low energy, long distance limit, is highly
dependent on which brane one considers, how many there are, and so on. Thus, it is not easy to exhibit
universal features of such effective description that are common to all branes. This situation is quite
different when one considers branes at finite temperature and in equilibrium, e.g. stationary branes. As
has been explored in several recent works, it is possible to find universal features for such branes [1, 2, 3].
One highly important feature of stationary branes at finite temperature is that they can be accurately
described by an effective fluid that lives on the embedding surface of the brane. Such fluid branes are
an interesting generalisation of general fluids to fluids that are constrained to live on a dynamical surface
such that the fluid degrees of freedom can interact with the degrees of freedom of the surface. Fluid branes
capture the low energy, long distance dynamics of many interesting and important systems, ranging from
blackfolds (black branes wrapped on a dynamical surface) [4, 5, 1] to D-branes at finite temperature (for
both weak and strong coupling) [6, 7, 8] and biophysical membranes [9]. The effective theory of fluid
branes can also be seen as a generalisation of the fluid/gravity correspondence [10, 11].
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In this paper we explore the effective fluid description of stationary branes beyond the leading order
approximation, following [2]. While at leading order the fluid brane is approximated as a surface of zero
thickness with a perfect fluid living on the it, at higher orders one needs to take into account corrections
to the brane dynamics due to finite-thickness effects related to the elastic nature of the brane, as well as
hydrodynamic and transverse spin corrections. The finite-thickness effects are introduced by expanding
the effective stress-energy tensor of the brane in a multipole expansion. We consider here the monopole
and dipole contributions and dub the resulting effective description as pole-dipole fluid branes.
Following [2], the effective fluid description of stationary branes is given by a Lagrangian which is
corrected order-by-order in a derivative expansion. We focus in this paper on the derivation of constraints
for different terms that can appear in the Lagrangian at a given order, in particular, up to and including
terms with two derivatives. These constraints are found in part by developing our understanding of
how to extract the thermodynamics of the brane from the Lagrangian. Since we consider stationary
branes, the system composed of brane plus background has a certain number of Killing vector fields. The
conserved currents associated with these Killing vector fields are studied and are an essentially ingredient
in the derivation of the constraints on the Lagrangian, as these can be obtained by demanding that
the thermodynamics of the brane should match the charges computed using conserved currents. These
constraints are not trivial as we are demanding that the long-wavelength dynamics that governs a system
with a specific Lagrangian has a pole-dipole expansion. The fact that such constraints exist is a further
indication that the effective fluid description of stationary branes exhibits universal features.
Another main focus of this paper is the effective description of branes that are spinning in directions
which are transverse to their embedding surface. We develop the effective theory for these cases and
use the constraints on the effective Lagrangian to fix the form of the one- and two-derivative terms that
describe the transverse spin of the branes. In this way, we find the precise coupling between possible
frame-dragging effects on the brane due to the background as well as the additional angular velocity that
this causes. Moreover, we find that this coupling completely characterises the one- and two-derivative
terms in the effective Lagrangian, i.e. that one can obtain these terms completely by adding an additional
angular velocity contribution to the leading order one.
Finally, we apply our effective theory developments to two blackfold examples, namely the black tori
originally found in [5, 12] and black rings with Maxwell charge found in [13]. In both cases, we use the
constraints on the effective description to infer the corrected second order thermodynamics of the branes.
Both cases can be seen as extensions of the case of neutral black rings studied in [9], which was found to
be in excellent agreement with the numerical data of [14]. For the case of black tori we can make this
extension due to the fact that the metric on the world-volume is flat, even though the extrinsic curvature
is non-zero. For the case of black rings with Maxwell charge, we extend the effective description to include
Maxwell charge and compare this to numerical data which we generate by applying an uplift-boost-reduce
transformation to the numerical data of the neutral black rings constructed in [14]. In Sec. 5 we summarise
our results and discuss open directions. We also provide several technical appendices. In App. A we show
the equivalence between space-time and world-volume currents. In App. B we show how to obtain the
spin current conservation from the Lagrangian. In App. C we present several relations for the derivatives
of Killing vector fields. Finally, in App. D we provide details on how to construct numerically charged
black rings. Before proceeding, we provide a useful summary of the notation used in the course of this
paper in Tab. 1.
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Symbol Description Symbol Description
T ab world-volume stress-energy tensor kµ background Killing vector
Dabi bending moment k modulus of the Killing vector
Saij spin current uaµ parallel projector onto the brane
γab induced metric ni
µ orthogonal projector to the brane
Kab
i extrinsic curvature tensor ξµ time-like Killing vector
ωa
ij extrinsic twist potential χµq rotational world-volume Killing vector
Rab world-volume Ricci tensor χˆµqˆ rotational transverse Killing vector
R world-volume Ricci scalar Ωq angular velocity associated with χµq
Ωab
ij outer curvature of the embedding Ωˆqˆ angular velocity associated with χˆ
µ
qˆ
Table 1: Summary of the notation used in this paper.
2 Thermodynamics of stationary fluid branes
A fluid brane is a long-wavelength effective description of the physics of a brane in a background space-
time. This effective description can describe a blackfold (i.e. a black brane wrapped on a dynamical
surface), D-branes at finite temperature (i.e. thermal DBI) [6, 7, 8] or any of the other type of branes in
string/M-theory as well as biophysical membranes [9] or cosmic strings [15, 16].
In the following, after a brief digression on Killing vector fields of stationary fluid branes, we first review
the thermodynamics of stationary fluid branes in the perfect fluid limit, and subsequently postulate a
generalisation to stationary fluid branes with pole-dipole corrections including up to two-derivative terms.
2.1 Thermodynamics of pole-dipole fluid branes
Consider a space-time with metric gµν , where the greek indices µ, ν... label space-time directions. We
consider a fluid p-brane with embedding Xµ(σ) where σa, a = 0, 1, ..., p, are the world-volume coordinates.
The induced metric on the world-volume is γab = ∂aX
µ∂bX
νgµν and the fluid velocity on the brane is
denoted by ua such that γabu
aub = −1.
A stationary fluid brane is characterized by a Killing vector field kµ of the background space-time.
The space-time Killing vector field kµ is mapped to the world-volume vector ka = γabgµν∂bX
µkν . For
the fluid brane to be stationary one requires that ka is a Killing vector field on the world-volume with
respect to the induced metric γab and that the fluid velocity u
a is proportional to ka thus ensuring the
absence of dissipation. Specifically, this means ua = ka/k where k =
√
−γabkakb. Thus, by stationary
fluid brane we mean that the total system of brane plus background space-time possesses kµ as a Killing
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vector field, including that the induced vector ka is a Killing vector field on the world-volume and that
the fluid velocity ua is proportional to it.
We consider a space-time with a time-translation Killing vector field ξ and a number of rotational
Killing vector fields (spatial Killing vector fields with closed orbits and a submanifold of fixed points).
According to the embedding Xµ(σ) the rotational Killing vector fields can be divided into those that
have a non-trivial orbit on the world-volume (Killing vector fields denoted by χq) and those for which the
embedding is contained in the submanifold of fixed points (Killing vector fields denoted by χˆqˆ). Here q
and qˆ are indices labelling the set of commuting and linearly independent rotational Killing vector fields.
We assume that the space-time Killing vector field kµ is a linear combination of these Killing vector fields
kµ = ξµ +
∑
q
Ωqχ
µ
q +
∑
qˆ
Ωˆqˆχˆ
µ
qˆ , (2.1)
where Ωq and Ωˆqˆ are constants corresponding to the angular velocities of the fluid brane. Mapping k
µ to
the world-volume we find
ka = ξa +
∑
q
Ωqχ
a
q . (2.2)
The part with χˆµqˆ is not there since the map to the world-volume gives a vector with zero norm. We
assume that ξa and χaq are Killing vector fields on the world-volume which then guarantees that k
a is a
Killing vector field on the world-volume. Defining the norms
γabξ
aξb = −R20 , γabχaqχbq = R2q , (2.3)
we find
k =
√
R20 −
∑
q
Ω2qR
2
q . (2.4)
More on geometry of brane embeddings
First we briefly go through the various geometric objects associated with brane embeddings that we need
in this paper, in addition to those already mentioned above. We introduce the notation ua
µ = ∂aX
µ for
vectors longitudinal to the brane and the projector γµν = ua
µub
νγab. We define the transverse normalized
vectors ni
µ such that ni
µua
νgµν = 0 and ni
µnj
νgµν = δij as well as the transverse projector ⊥µν=
gµν − γµν = niµnjνδij . Here the latin indices i, j, ... label transverse directions to the brane embedding.
Note that for any vector we can write vµ = ua
µva+ni
µvi and similarly we can split up any other index of
a tensor in longitudinal and transverse parts. In particular, we use the notation ∇µ = uaµ∇a +niµ∇i for
the background covariant derivative (note that ∇a is not the covariant derivative on the world-volume).
Furthermore, the extrinsic curvature tensor is Kµν
ρ = γµ
λγν
σ∇λγσρ = Kabiuaµubνniρ and the extrinsic
twist potential is ωa
ij = niµ∇anjµ which is antisymmetric in the i and j indices.
Each of the Killing vector fields χˆqˆ corresponds to a certain rotation plane of the background geometry
(in an appropriately chosen coordinate system). We call these planes the transverse spin planes of the
brane. The fact that the brane embedding is at a fixed point of χˆqˆ means that it is situated at the centers
of all the rotation planes (which makes it clear why we denote the planes as transverse). In other words,
the brane embedding does not bend into transverse spin planes.
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Another way to see that the brane embedding does not bend into the transverse spin planes is as
follows. Since χˆqˆ is transverse to the brane one has γµ
νχˆqˆ,ν = 0. Taking the derivative this gives
γλ
ργσ
µ∇ρ(γµνχˆqˆ,ν) = 0 thus giving Kλσνχˆqˆ,ν = −γλργσν∇ρχˆqˆ,ν . Using that the extrinsic curvature tensor
is symmetric in the longitudinal indices and that χˆqˆ is a Killing vector field one infers that Kab
ρχˆqˆ,ρ = 0,
from which we obtain
Kab
iχˆqˆ,i = 0 . (2.5)
The physical meaning of the extrinsic twist potential is that it parameterizes the possible frame-
dragging that the brane is subject to in each of the transverse spin planes due to the background. One
can choose a frame for the transverse vectors ni
µ such that each transverse spin plane corresponds to
two specific values of i. The extrinsic twist potential then picks up contributions from all the transverse
spin planes. Define for each transverse spin plane the Levi-Civita symbol 
(qˆ)
ij = 
ij
(qˆ) such that it is only
non-zero (e.g. plus or minus one) if i, j runs over the two specific values corresponding to the transverse
spin plane and where the index qˆ means that it is the rotation plane corresponding to the χˆqˆ rotational
Killing vector field. Then we write the extrinsic twist potential for the brane embedding as
ωa
ij =
∑
qˆ
ω(qˆ)a 
ij
(qˆ) , ω
(qˆ)
a =
1
2

(qˆ)
ij ωa
ij , (2.6)
where ω
(qˆ)
a is the normal fundamental form associated with the transverse spin plane with Killing vector
field χˆqˆ.
Action for stationary pole-dipole fluid brane
In this paper we consider the thermodynamics of stationary fluid branes beyond the perfect fluid limit
by including the so-called pole-dipole terms. Going beyond the perfect fluid limit of a fluid brane various
new effects will play a role in the dynamics. A very efficient and powerful method to describe these
effects for stationary fluid branes is by using the action principle [2]. One reason for corrections to the
perfect fluid dynamics is due to finite-thickness corrections of the fluid brane. This is reminiscent of
the multipole expansion for post-Newtonian physics from General Relativity. The leading part is the
monopole contribution corresponding to an infinitely thin brane. The first correction comes from the
dipole contribution which one parameterizes by the dipole moment Dabi and the spin current Saij . For
simplicity, we do not consider multipoles beyond the dipole. The monopole moment T ab as well as the
higher moments Dabi and Saij can be obtained from the action when one makes variations with respect
to certain geometric quantities. Indeed, one finds [2]
T ab =
2√−γ
∂(
√−γL)
∂γab
, Dabi = ∂L
∂Kabi
, Saij = ∂L
∂ωaij
, (2.7)
where the action is I = −β ∫Bp dV(p)R0L. When including the dipole correction to the stress-energy
distribution of the fluid brane the action thus has the following schematic form
I[T,ka, Ωˆqˆ, γab,Kab
i, ωa
ij ] = β
∫
dV(p)R0L(T,ka, Ωˆqˆ, γab,Kabi, ωaij ,∇a) , (2.8)
with T being the global temperature and where ∇a in the Lagrange function L is a formal way of writing
that the Lagrangian also depends on the world-volume derivatives of the quantities, e.g. it can for instance
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depend on ∇akb. Up to two derivatives along the world-volume we can write the stationary fluid brane
Lagrangian as1
L = λ0 + υ1ωabωab + υ2R+ υ3uaubRab + λ1KiKi + λ2KabiKabi + λ3uaubKaciKbci
+
∑
qˆ
$
(qˆ)
1 u
aω(qˆ)a +
∑
qˆ,qˆ′
$
(qˆ,qˆ′)
2 u
aω(qˆ)a u
bω
(qˆ′)
b , (2.9)
where ωab is the vorticity of the fluid velocity u
a and Rab and R are the Ricci tensor and Ricci scalar
associated to the world-volume metric.2 To each of the higher-order contributions beyond λ0 we associate
the parameter ε˜ which counts the number of derivates, e.g., the term $
(qˆ)
1 u
aω
(qˆ)
a is the only term in (2.9)
of order O(ε˜). The Gibbs free energy is then
F [T,ka, Ωˆqˆ, γab,Kab
i, ωa
ij ] = −
∫
dV(p)R0L(T,ka, Ωˆqˆ, γab,Kabi, ωaij ,∇a) . (2.10)
Thermodynamics
We consider now how to extract the global thermodynamics of the stationary fluid brane given the action
(2.8) with Lagrange function (2.9), or, equivalently, with free energy (2.10). Since we are describing a fluid
brane there exists a fluid rest-frame, where we are comoving with the fluid velocity ua. In this rest-frame
we can measure a local temperature T and a local angular velocity Ω′qˆ which are related to the global
temperature T and angular velocity Ωˆqˆ via
T = T
k
, Ω′qˆ =
Ωˆqˆ
k
. (2.11)
The k factor appearing in these formulas can be seen as a combined boost and redshift factor due to
the choice of being in the fluid rest-frame. The Lagrange function (2.9) depends on the nine scalar
functions λ0, λi, υi, i = 1, 2, 3 and $i, i = 1, 2. These scalar functions should transform as scalars on
the world-volume. As a matter of definition they cannot depend on the tensor quantities used above
that transform non-trivially on the world-volume (since (2.9) precisely is an expansion in terms of those
quantities). Hence, they can only depend on the local quantities T and Ω′qˆ (since a scalar quantity it
should be the same whether we are in the rest frame or not). Using this requirement, as well as the relation
ka(∂ub/∂ka) = 0, one easily derives the following general identity for the Gibbs free energy (2.10)ka ∂
∂ka
+ T
∂
∂T
+
∑
qˆ
Ωˆqˆ
∂
∂Ωˆqˆ
F = 0 . (2.12)
1Note that a possible term proportional to uaω
aijubωbij , as studied in [2], is a particular case of the term proportional
to $
(qˆ,qˆ′)
2 in the Lagrangian (2.9). Furthermore, in writing the possible terms in (2.9) we have assumed that the surface
codimension is higher than one and we have neglected higher-pole moments beyond dipole contributions, in particular this
implies that we ignore terms involving ∇bω(qˆ)a . Some of the possible contributions involving ωaij can be eliminated by using
the constraints that will be derived in Sec. 3 while others can be a priori removed as they do not satisfy the conservation
equation (2.23) for the spin current.
2One should also consider in (2.9) possible couplings to the background Riemann curvature tensor. However, such couplings
can be exchanged by couplings to the worldvolume Riemann curvature tensor and couplings to the extrinsic curvature tensor
via Gauss-Codazzi equations. This has been analysed in detail in [2].
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Thus, this identity is a direct consequence of describing the fluid on a brane in the rest-frame. Employing
this identity one can derive the thermodynamic quantities from the Gibbs free energy (2.10) as follows
M = F + ξa
∂F
∂ka
, S = −∂F
∂T
=
1
T
ka ∂F
∂ka
+
∑
qˆ
Ωˆqˆ
∂F
∂Ωˆqˆ
 , Jq = −χaq ∂F∂ka , Jˆqˆ = − ∂F∂Ωˆqˆ , (2.13)
where M and S are the total mass and entropy and Jq and Jˆqˆ are the angular momenta due to the
longitudinal and transverse motion of the fluid living on the brane, respectively. With this, the first law
in terms of the Gibbs free energy holds
dF = −SdT −
∑
q
JqdΩq −
∑
qˆ
JˆqˆdΩˆqˆ , (2.14)
when keeping fixed the geometric quantities γab, Kab
i and ωa
ij under the variation.
2.2 Equivalence with conserved currents
The formulas presented in the previous section allow us to obtain expressions for the thermodynamic
properties of generic stationary configurations. On the other hand, given the world-volume theory, ob-
tained by variation of the free energy (2.10), it is possible to obtain a set of conserved surface currents
via appropriate contractions with the mutually independent Killing vector fields of the background [2].
This world-volume theory was shown to be derived from a space-time formulation, to pole-dipole order, of
the stress-energy tensor [2]. Therefore, it is relevant to show that, for consistency, conserved space-time
currents can be identified with world-volume surface currents, a fact which is demonstrated in App. A.
Given this identification, we show in this section that this set of world-volume currents yields, in absence
of transverse spin, the same result for the conserved charges as that obtained from the formulas derived in
the previous section. The case of fluid branes with transverse spin is analysed in Sec. 3. We note that this
comparison is a priori non-trivial as we are demanding that the existence of certain global potentials such
as Ωˆqˆ charactering the stationary fluid brane configuration is due to the existence of certain pole-dipole
currents such as Saij .
Conserved currents of pole-dipole fluid branes
To each independent space-time Killing vector field kµ one can associate a surface current Pνk given by
the general expression [2]
Pνk = (T abuµauνb +DabiKµbiuνa + 2uνbScµiKbci−µνb⊥µλ∇aDabλ)kµ−Scµρuνc∇µkρ +Dνµρ∇µkρ , (2.15)
which satisfies the world-volume conservation equation γµλ∇µPνk = 0. Given the set of conserved currents
(2.15) associated with an arbitrary Killing vector field kµ one can evaluate the corresponding conserved
charge via
|Qk| =
∫
Bp
dV(p)Pνknν , (2.16)
where nν is the unit normalised timelike Killing vector field nν = ξν/R0. By choosing k
µ = ξµ one
obtains the mass M , while by choosing kµ = χµq one obtains the longitudinal angular momenta Jq and
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choosing kµ = χˆµqˆ one obtains the transverse angular momenta Jˆqˆ. For k
µ = ξµ and kµ = χµq one finds
the conserved currents
Pνξ = T abubνξa + 2uaνDabiKcbiξc + uaνSaijωbijξb ,
Pνχq = T abubνχq,a + 2uaνDabiKcbiχq,c + uaνSaijωbijχbq ,
(2.17)
since these Killing vector fields are longitudinal to the brane. The last term in both currents is derived
from the fifth term of (2.15) using the identities (C.8) derived in Appendix C.
One can also simplify the conserved currents for kµ = χˆqˆ. This simplification follows from the fact
that the brane embedding does not bend into the transverse spin planes as explained in Sec. 2.1. This
gives Eq. (2.5) as well as
Dabiχˆqˆ,i = 0 , Dabiωcij = 0 , SaijKbcj = 0 , (2.18)
where the first identity follows from (2.5) using (2.9) and (2.7) which shows that Dabi ∝ LabcdKcdi for
some tensor Labcd. The second and third identities follow from noting that the transverse indices of ωcij
and Saij are supported on the transverse spin planes. Using (2.5) and (2.18) we find
Pνχˆqˆ = −Scµρuνc∇µχˆqˆ,ρ . (2.19)
Computing TS in terms of the conserved currents
By choosing kµ = kµ we can obtain an equivalent formula to (2.12). In order to do so we split the stress-
energy tensor T ab into a perfect fluid part T ab and a correction Πab, as in [2], such that T ab = T ab + Πab.
For convenience we introduce the quantities P and E such that
T ab = Pγab + (E + P)uaub . (2.20)
Since the stress-energy tensor T ab can be obtained from the action I using formula (2.7) it is easy to
see that P = L. Now we proceed and evaluate the r.h.s. of (2.16) using the the definition of mass and
angular momenta with kµ = kµ in order to find∫
Bp
dV(p)Pνknν = M −
∑
q
ΩqJq −
∑
qˆ
ΩˆqˆJˆqˆ . (2.21)
Using the explicit forms of the currents given in Eqs. (2.17) and (2.19), along with (2.20), we obtain an
expression for the product TS in the form 3
TS = −
∫
Bp
dV(p)
k(E + P)ub − kΠabua − 2DbciKacika − Sbijωaijka +∑
qˆ
Sbij∂iχˆqˆ,j
nb , (2.22)
where we have used the Killing equation ∇µkν = ∇[µkν] in order to exchange covariant derivatives by
partial derivatives. This expression is the equivalent to (2.12) but written in terms of conserved surface
charges. In order to show this exilictely, we have taken each of the contributions to the free energy (2.10)
3Note here that we are assuming that the stress-energy tensor is obtained from the action via the formula (2.7) and hence
it does not come in the Landau frame, i.e. Πabub 6= 0. For details on frame transformations see [3].
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one-by-one and computed the stress-energy tensor, bending moment and spin current using (2.7). This
has been done explicitly in [2] for the terms in (2.10) involving λ0, υi, λi,, i = 1, 2, 3. In Tab. 2, we present
these quantities for the terms involving $1, $2.
Scalar T ab Saij
$
(qˆ)
1 u
aω
(qˆ)
a
(
$
(qˆ)
1 γ
ab − (k$(qˆ)′1 −$(qˆ)1 )uaub
)
ucω
(qˆ)
c $
(qˆ)
1 u
a
(qˆ)
ij
$
(qˆ,qˆ′)
2 u
aω
(qˆ)
a ubω
(qˆ′)
b
(
$
(qˆ,qˆ′)
2 γ
ab − (k$(qˆ,qˆ′)′2 − 2$(qˆ,qˆ
′)
2 )u
aub
)
ucω
(qˆ)
c udω
(qˆ′)
d $
(qˆ′,qˆ′)
2 u
auc(ω
(qˆ)
c 
(qˆ)
ij + ω
(qˆ)
c 
(qˆ′)
ij )
Table 2: World-volume stress-energy tensor and spin current obtained from the Lagrangian (2.9) due to
the contributions of the scalars involving the transport coefficients $
(qˆ)
1 and $
(qˆ,qˆ′)
2 . Here the prime in
$
(qˆ)′
1 , $
(qˆ,qˆ′)′
2 means that we have taken a derivative with respect to k.
For these contributions, the bending moment Dabi vanishes by definition. One can also show that T ab
and Saij satisfy the non-trivial identities
∇aT ab = −SaijΩabij , nµinνj∇aSaµν = 0 , (2.23)
where Ωa
bij is the outer curvature of the embedding defined in App. B. The first equation above follows
from invariance under world-volume reparameterizations of the action (2.8) as shown in [2], while the
second equation follows from requiring the action to be invariant under different choices of the normal
vectors. We show that this is indeed the case in App. B.
Using the above table together with (2.20) and introducing it in the r.h.s. of (2.22) for each term
appearing in (2.10) leads to the same result obtained using the formula (2.12). This agreement is also
verified for the charges computed from (2.13) and those obtained from (2.16). The case of charges
associated with $1, $2, this agreement is only verified provided we constrain the transport coefficients in
an appropriate way. These cases will be analysed in detail in Sec. 3.
The entropy current
From the expression for the product TS given in (2.22), we can obtain an explicit formula for the entropy
current Jas of stationary fluid branes
Jas =
1
T
k(E + P)ua − kΠabub − 2DaciKbcikb − Saijωbijkb +∑
qˆ
Saij∂iχqˆj
 , (2.24)
from which the total entropy S can be evaluated via the formula
S = −
∫
Bp
dV(p)J
a
s na . (2.25)
The entropy current of stationary configurations is by definition a conserved current. To see explicitly
that this is the case we rewrite the entropy current using (2.21), (2.17) and (2.19) as
Jas =
1
T
(kPua − Pak) . (2.26)
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It is now clear that this current is conserved, a fact that follows trivially from stationarity of the config-
uration and the conservation law for Pak.
2.3 Adding charge
In this section we briefly generalise the results of the previous sections to the cases of stationary fluid
branes carrying either q = 0-brane charge or q = p-brane charge. This type of fluids was studied, for
example, in [6, 13, 7]. Other types of charged fluids can be encompassed within the current framework
but we leave the details for future work.
Fluids carrying these types of charges are characterised by a local chemical potential Φq and a charge
density Qp in the case q = 0 or a global charge Qp in the case p = q. This global charge can be obtained
by integrating conserved charge currents J
a1...qp+1
q over the world-volume. For the case q = 0, for example,
this can be obtained by computing the r.h.s. of (2.25) with Jas replaced by J
a
q . From the local potentials
Φq one can define a global chemical potential ΦH via
ΦH =
Φ0
k
(if q = 0) , ΦH =
∫
Bp
dV(p)R0Φq (if q = p) . (2.27)
In order to generalise the free energy (2.10) to these cases it is just necessary to consider the scalar
functions λ0, λi, υi, i = 1, 2, 3 and $i, i = 1, 2, to depend now on the local quantities T , Ωˆqˆ and Φq. With
this in hand we can find a generalisation of (2.12) such thatka ∂
∂ka
+ T
∂
∂T
+
∑
qˆ
Ωˆqˆ
∂
∂Ωˆqˆ
+ ΦH
∂
∂ΦH
F = 0 . (2.28)
Due to the presence of a conserved global charge and the existence of a global chemical potential, the first
law of thermodynamics is now
dF = −SdT −
∑
q
JqdΩq −
∑
qˆ
JˆqˆdΩˆqˆ −QpdΦH , Qp = − ∂F
∂ΦH
. (2.29)
Eq. (2.28) has also a counterpart in terms of conserved surface currents, in fact, the r.h.s. of Eq. (2.22)
is left unmodified while the l.h.s. becomes a sum of the contributions TS + ΦHQp. This implies that the
entropy current is no longer given by (2.24), instead we use (2.13) and (2.29) in order to write the generic
entropy and charge currents as
Jas = k
∂L
∂T
ua , Jaq = k
∂L
∂ΦH
ua (if q = 0) , J
a1...ap+1
q =
∂L
∂ΦH
a1...ap+1 (if q = p) , (2.30)
which are conserved due to the stationarity of the overall configuration.
The Smarr relation
Since fluid branes can describe the dynamics of black holes, it is interesting to derive an expression for
the Smarr relation of these configurations. Using (2.10) and (2.16) we obtain
(D − 3)M − (D − 2)
∑
q
JqΩq +
∑
qˆ
JˆqˆΩˆqˆ
− (D − 3− q)ΦHQp = Ttot , (2.31)
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where the total tension Ttot is defined as
Ttot =
∫
Bp
dV(p)
(
(D − 2)Pγabξb − Paξ + (q − 1)ΦHJaq
)
na . (2.32)
Here we have replaced the total charge by an integral over a conserved current. For the case q = p one
should replace the integral over Jaq na with the appropriate integral involving J
a1...ap+1
q . In the case in
which the configurations describe asymptotically flat black holes we must have that Ttot vanishes.
3 Constraints on spin transport coefficients
In this section we study the constraints on the spin transport coefficients appearing in the Lagrangian
(2.9) using the framework presented in the previous sections. We can regard the Lagrangian (2.9) as a
derivative expansion, counting the number of derivatives applied to gµν and γab (writing k
a in terms of
ua and k). Write this derivative expansion as L = L0 +L1 +L2 +L3 + · · · where Lm consists of the terms
with m derivatives. Hence by (2.13) we can make the following derivative expansion of the transverse
angular momenta
Jˆqˆ =
∫
Bp
dV(p)R0
(
∂L0
∂Ωˆqˆ
+
∂L1
∂Ωˆqˆ
+
∂L2
∂Ωˆqˆ
+ · · ·
)
. (3.1)
This identity employs the thermodynamic relations to compute Jˆqˆ. One can equivalently compute Jˆqˆ
using (2.16) with the conserved current (2.19) for χˆqˆ. We compute
Jˆqˆ =
∫
Bp
dV(p)naSaµν∇µχˆqˆ,ν =
∫
Bp
dV(p)naSaij(qˆ)ij =
∫
Bp
dV(p)na
∂L
∂ω
(qˆ)
a
. (3.2)
Here we have defined the spin current Sa(qˆ) for the transverse spin plane associated with χˆqˆ as
Saij =
∑
qˆ
Sa(qˆ)ij(qˆ) , Sa(qˆ) =
1
2
∂L
∂ω
(qˆ)
a
, (3.3)
and we also translated the relation (2.7) of the spin current obtained as the derivative of the Lagrangian
with respect to the extrinsic twist potential into the corresponding relation for the individual transverse
spin planes. Moreover, in (3.1) we used the identity (C.5) derived in Appendix C.
Expanding now (3.2) in the number of derivatives and comparing this to (3.1) we can infer that we
have the following relation4
R0
∂Lm
∂Ωˆqˆ
= na
∂Lm+1
∂ω
(qˆ)
a
, m = 0, 1, 2, ... . (3.4)
Thus, we have found a relation between the m-derivative terms and the (m + 1)-derivative terms in the
Lagrangian. This is a rather powerful set of constraints. For one thing, if we use them iteratively, one can
conclude that the terms in the Lagrangian containing the extrinsic twist potential and with m derivatives
must involve a product of m extrinsic twist potentials. We can write this as
L(spin)m =
1
m!
∑
qˆ,qˆ′
La1···amqˆ1,...,qˆmω
(qˆ1)
a1 · · ·ω(qˆm)am . (3.5)
4We assume here that (2.19) is true to all orders. When only including pole-dipole corrections we have shown that this
is true up to and including m = 2, but we have not included higher poles that could enter at m = 2.
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In order for these terms to have precisely m derivatives the tensors La1···amqˆ1,...,qˆm cannot contain any derivatives.
The tensors La1···amqˆ1,...,qˆm are symmetric when exchanging (ai, qˆi) ↔ (aj , qˆj). Applying (3.4) repeatedly we
find
1
Rm0
na1 · · ·namLa1···amqˆ1,...,qˆm =
∂mλ0
∂Ωˆqˆ1 · · · ∂Ωˆqˆm
, (3.6)
where we used L0 = λ0 from (2.9). This is obviously a very powerful set of constraints on the tensors
La1···amqˆ1,...,qˆm . However, it does not completely determine them.
One can furthermore consider the equivalence between the conserved currents (2.17) and the thermo-
dynamics (2.13) for M and Jq. This gives the following constraints for the spin terms in the Lagrangian
ξaVa = 0 , χ
a
qVa = 0 , Va ≡ 2γacnb
∂L(spin)m
∂γcb
+R0
∂L(spin)m
ka
+ nb
∑
qˆ
∂L(spin)m
∂ω
(qˆ)
b
ω(qˆ)a . (3.7)
Using (3.4) we find
Va = 2γacnb
∂L(spin)m
∂γcb
+R0
∂L(spin)m
ka
+R0
∂L(spin)m−1
∂Ωˆqˆ
ω(qˆ)a . (3.8)
Demanding ξaVa = χ
a
qVa = 0 corresponds in practice to demanding Va = 0 since it is limited what tensors
La1,··· ,amqˆ1,...,qˆm one can write down without derivatives.
We show now that by combining the constraint (3.6) and the constraint Va = 0 with (3.8) we can
fix uniquely the spin terms L(spin)m for m = 1, 2. For m = 1 one could imagine writing Laqˆ = ξafqˆ(k) or
Laqˆ = k
afqˆ(k). However, the first proposal does not work since the first two terms in (3.8) are zero while
the last term is not. Instead for the second proposal both (3.6) and (3.8) gives
L(spin)1 = −kua
∑
qˆ
∂λ0
∂Ωˆqˆ
ω(qˆ)a . (3.9)
For m = 2 one can imagine more possibilities. Consider the ansatz
1
2
Labqˆ,qˆ′ = γ
abfqˆ,qˆ′(k) + u
aubgqˆ,qˆ′(k) . (3.10)
The constraint (3.6) gives −k2fqˆ,qˆ′ +R20gqˆ,qˆ′ = 12R20k2 ∂
2λ0
∂Ωˆqˆ∂Ωˆqˆ′
. Instead the constraint (3.8) gives
0 = Va = −2nb
∑
qˆ,qˆ′
fqˆ,qˆ′ω
(qˆ)
a ω
(qˆ′)
b +
2R0u
b
k
∑
qˆ,qˆ′
(
gqˆ,qˆ′ − 1
2
k2
∂2λ0
∂Ωˆqˆ∂Ωˆqˆ′
)
ω(qˆ)a ω
(qˆ′)
b . (3.11)
Hence the constraints (3.6) and (3.8) fix uniquely
L(spin)2 =
k2
2
uaub
∑
qˆ,qˆ′
∂2λ0
∂Ωˆqˆ∂Ωˆqˆ′
ω(qˆ)a ω
(qˆ′)
b . (3.12)
It is interesting to consider the physical interpretation of the transverse spin terms (3.9) and (3.12). Define
δΩˆqˆ ≡ −kaω(qˆ)a . (3.13)
Then we can generate the transverse spin terms (3.9) and (3.12) from the zeroth order term λ0 in the
Lagrangian (2.9) by substituting Ωˆqˆ with Ωˆqˆ + δΩˆqˆ, i.e.
L = λ0(T,k, Ωˆqˆ +δΩˆqˆ)+υ1ωabωab+υ2R+υ3uaubRab+λ1KiKi+λ2KabiKabi+λ3uaubKaciKbci . (3.14)
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Note that all the other terms are of second order in the number of derivatives hence they will not generate
new terms to the order we are considering. The interpretation of this is that subjecting the brane
to a background with non-zero extrinsic twist potential, corresponding to frame-dragging terms for the
transverse spin planes, adds an effective angular velocity δΩˆqˆ defined in (3.13) to the leading order angular
velocity Ωˆqˆ of the brane. Hence, even if we start with a fluid brane embedding with zero angular velocity
in the transverse spin planes, to zeroth order, the frame-dragging effects of the background can provide
an effective non-zero angular velocity in the transverse spin planes.
4 Application to higher-dimensional black holes
In this section we apply the thermodynamic formulas of the previous sections to the perturbative con-
struction of higher-dimensional black holes. The case of neutral black rings in asymptotically flat space
has been considered in [4, 2, 9]. Here we take into account the second order corrections in (2.10) in the case
of neutral black tori, as well as black rings carrying Maxwell charge (q = 0) in Einstein-Maxwell-Dilaton
gravity. The results obtained for this charged configuration are compared to the full numerical solution in
D = 7, which we also obtain via a solution generating technique taking the neutral black ring numerically
found in [14] as the seed solution. The agreement that will be verified is already expected due to results
obtained for the neutral case [9]. However, this comparison is an important check of our effective theory
of charged black branes and in the process, new families of charged black rings are numerically generated.
4.1 Black tori
Black tori were constructed in the perfect fluid limit in [12] and are black hole objects with Tp × sn+1
horizon geometry in pure Einstein gravity. In the case p = 1 they correspond to the black rings studied
in [4, 2, 9]. In order to embed this geometry into D-dimensional flat space we consider the Minkowski
metric written in the form
ds2 = −dt2 +
p∑
aˆ=1
(
dr2aˆ + r
2
aˆdθ
2
aˆ
)
+
n−p+2∑
i=1
dx2i , (4.1)
with aˆ = 1...p and choose the embedding coordinates
t = τ , θaˆ = φaˆ , raˆ = Raˆ , xi = 0 . (4.2)
The resulting induced metric is thus manifestly flat. We consider a geometry which is rotating with
different angular velocities Ωaˆ along each of the angular coordinates φaˆ so that the horizon Killing vector
field is
ka∂a = ∂τ +
p∑
aˆ=1
Ωaˆ∂φaˆ , (4.3)
and has a constant norm k along the (p+ 1)-dimensional world-volume.
We now consider the free energy (2.10) for this specific configuration. Since the world-volume is flat,
the fluid flows have no vorticity and we are not considering transverse spin, the only relevant corrections
are those parametrised by the coefficients λ1, λ2, λ3. However, due to Gauss-Codazzi relations in a flat
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background, these configurations, as black rings, are only described by one single transport coefficient
λ˜1 = λ1 + λ2 + (1/n)λ3 of the form [2, 3]
5
λ˜1 = −Pr20
(n+ 1)(3n+ 4)
2n2(n+ 2)
ξ(n) , ξ(n) =
n tan(pi/n)
pi
Γ
(
n+1
n
)4
Γ
(
n+2
n
)2 , n ≥ 3 , (4.4)
where r0 is the local horizon radius of the black brane and P = λ0 the pressure given by [1]
P = −Ω(n+1)
16piG
rn0 , r0 =
n
4piT
k , (4.5)
with G being Newton’s constant and Ω(n+1) the unit volume of a (n + 1)-dimensional sphere. The free
energy then becomes
F [Raˆ] = −V(p)
(
P + λ˜1K
iKi
)
, (4.6)
where the square of the mean extrinsic curvature and the volume of the p+ 1 brane are given by
KiKi = −
p∑
aˆ=1
1
R2aˆ
, V(p) = (2pi)
p
p∏
aˆ=1
Raˆ . (4.7)
The free energy (4.6) is the higher-codimension version of the Helfrich-Canham free energy of biophysical
membranes [9]. From (4.6) follows a set of p coupled equations, each obtained by varying (4.6) for each
of the radii Raˆ. The solution to this set of equations takes the simple form
ΩaˆRaˆ = Ω(0)aˆRaˆ
(
1 +
(n+ 1)(3n+ 4)
2n2(n+ 2)
ξ(n)ε˜2aˆ
)
, (4.8)
where we have defined the parameters ε˜2aˆ = r
2
0/R
2
aˆ and used the leading order result Ω(0)aˆ previously
obtained in [12]
Ω(0)aˆRaˆ =
1√
n+ p
. (4.9)
In the case p = 1 the result (4.8) reduces to that obtained in [2, 9]. We now evaluate the thermodynamic
properties of these configurations using the formulas of Sec. 2.1. These are given by
M =
V(p)
16piG
rn0Raˆ
√
n+ p
(
1− (n+ 1)(3n+ 4)
2n2(n+ 2)
ξ(n)
p∑
aˆ=1
ε˜2aˆ
)
, (4.10)
Jaˆ =
V(p)
16piG
rn0Raˆ
√
n+ p
1− (n+ 1)(3n+ 4)
2n2(n+ 2)
ξ(n)
p∑
bˆ=1/{bˆ=aˆ}
ε˜2
bˆ
 , (4.11)
S =
V(p)
4G
rn+10
√
n+ p
n
(
1− (n+ 1)
3(3n+ 4)
2n3(n+ 2)(n+ p)
ξ(n)
p∑
aˆ=1
ε˜2aˆ
)
. (4.12)
It is straightforward to check that when p = 1 these thermodynamic properties reduce to those obtained
in [9] and that in the leading order case, where ε˜aˆ = 0, we obtain the results presented in [12].
5The measurement of the transport coefficients λ1, λ2, λ3 by elastically perturbing black branes was made in [17, 18].
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4.2 Black rings with Maxwell charge
We now consider the case of black rings carrying Maxwell charge in Einstein-Maxwell-Dilaton theory with
Kaluza-Klein coupling parameter. In the perfect fluid limit, these solutions have been constructed in [13].
We compute the corrections due to the transport coefficients λ1, λ2, λ3 and compare the results in D = 7
with solutions generated numerically using the numerical neutral black ring solution [14] as the starting
point. In order to do so, we uplift the neutral numerical solution to D = 8 along the direction z, boost
it along the (t, z) plane and reduce it over the z-direction. The resulting solution is a charged black ring
and the details of this procedure are given in App. D.
As in the case of neutral black tori of the previous section we write the flat background metric as in
(4.1) and choose the coordinates (4.2) with p = 1. The resulting induced metric is again manifestly flat.
As in the case of the black tori, these geometries are only parametrised by a single transport coefficient
λ˜1 = λ1 + λ2 + (1/n)λ3(1− Φ2H/k2) given by 6
λ˜1 = −P (3n+ 4)
2n2(n+ 2)
(
n+ 1 +
Φ2H
k2 − Φ2H
)
ξ(n)r20 , r0 =
n
4piT
k
√
1− Φ
2
H
k2
, (4.13)
where P was defined in (4.5). The free energy therefore takes the same form as in (4.6) for p = 1. Varying
it and solving the respective equation of motion we find a balancing condition for Ω of the form
Ω = Ω(0)
(
1 +
(3n+ 4)(1 + n(1− Φ2H))
2n2(n+ 2)(1− Φ2H)
ξ(n)ε˜2
)
, Ω(0) =
1
R
√
1− Φ2H
(n+ 1)
, (4.14)
where R = R1 and Ω = Ω1. The leading order solution Ω(0) was previously obtained in [13]. In the case
where the charge vanishes ΦH → 0 we obtain the result given in (4.8) when p = 1.
We can use the thermodynamic formulas of Sec. 2.1 and Sec. 2.3 to obtain the thermodynamic quan-
tities of these solutions. These take the form
M =
Ω(n+1)r
n
0
8G
R
(n+ 2− Φ2H)
1− Φ2H
(
1− (n+ 1)(3n+ 4)(n(n+ 2)(1− Φ
2
H) + (n+ 1)Φ
4
H)
2n3(n+ 2)(1− Φ2H)
ξ(n)ε˜2
)
, (4.15)
J =
Ω(n+1)r
n
0
8G
√
n+ 1√
1− Φ2H
R2
(
1 +
(3n+ 4)Φ2H
n3(n+ 2)(1− Φ2H)
ξ(n)ε˜2
)
, (4.16)
S =
Ω(n+1)r
n+1
0
2G
piR
√
n+ 1
n(1− Φ2H)
(
1− (3n+ 4)(n(n+ 1)
2 − (−2 + n(−1 + n+ n2))Φ2H)
2n4(n+ 2)(1− Φ2H)
ξ(n)ε˜2
)
,
(4.17)
Q(1) =
Ω(n+1)r
n
0
8G
R(n+ 1)
ΦH
1− Φ2H
(
1− (n
2 − 1)(3n+ 4)(2− Φ2H + n(1− Φ2H))
n3(n+ 2)(1− Φ2H)
ξ(n)ε˜2
)
. (4.18)
These quantities in the limit ΦH → 0 reduce to those obtained in (4.10)-(4.12) for p = 1 and when ε˜ = 0
to those obtained in [13].
6The transport coefficients λ1, λ2, λ3 for charged black branes obtained via Kaluza-Klein reduction were obtained in
[19, 20].
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Phase diagram
Given the asymptotic charges of the solution we can construct the phase diagram of the black rings and
compare it to the full numerical solution as in the case of neutral black rings [9]. In order to do so we
introduce the reduced dimensionless thermodynamic charges as in [4],
jn+1 = cj
Jn+1
GMn+2
, an+1H = 4
n+1ca
Sn+1
(GM)n+2
, ωH = cωΩ(GM)
1
n+1 , tH = ctT (GM)
1
n+1 , (4.19)
where,
cj =
(16pi)n+1
2n+4n
n+1
2
ca =
Ω(n+1)
2n+5
(n+ 2)n+2
(n+ 1)
n+1
2
, cω =
√
n
4pi
8
1
n+1 ct =
√
n+ 1
(
n+ 2
16
Ω(n+1)
)− 1
n+1
. (4.20)
In order to derive these quantities and their relations analytically it is useful to use the freedom of shifting
R by a small amount (see App. A) in order to find a choice of surface, parametrised by R, which renders
j without any ε˜2 corrections. This is achieved by performing the transformation R→ νξ(n)r0ε˜ such that
ν =
(3n+ 4)(n(n+ 2)2 − (n+ 2)(−1 + n(n+ 2))Φ2H + (−3 + n+ n2)Φ4H)
2n3(n+ 2)(2 + n− Φ2H)(−1 + Φ2H)
. (4.21)
Given this redefinition of R we find the following form for the reduced angular momentum j
j = ε˜−
n
n+1
2−
n+2
n+1√
1− Φ2H
(
n+ 2− Φ2H
(n+ 2)(1− Φ2H)
)−n+2
n+1
. (4.22)
The parameter ε˜ counts the order of the perturbative expansion and one must require ε˜  1. From
(4.22) we see that this implies j  1. However, we will see shortly that our results can be successfully
extrapolated to the regime j ∼ O(1), as expected due to the results for the neutral case [9]. The result
(4.22) when introduced in the remaining reduced quantities leads to the following form of the phase
diagram expressed in terms of j and ΦH ,
aH(j,ΦH) =
2
n−2
n(n+1)
j
1
n
(1− Φ2H)
n+3
2n(
n+ 2− Φ2H
)n+2
n
(n+ 2)
n+2
n
(
1 +
(n+ 1)(3n+ 4)(1− Φ2H)
3
n
2
3n+4
n n4(n+ 2− Φ2H)
3n+4
n
fa(n,ΦH)
j2
(n+1)
n
)
, (4.23)
tH(j,ΦH) =
2
2−n
n(n+1)
(n+ 2)
2
n
nj
1
n
(n+ 2− Φ2H)
2
n
(1− Φ2H)
3
2n
(
1 +
(n+ 1)(3n+ 4)(1− Φ2H)
3
n
2
3n+4
n n4(n+ 2− Φ2H)
3n+4
n
ft(n,ΦH)
j
2(n+1)
n
)
, (4.24)
ωH(j,ΦH) =
(n+ 2)
2j
1− Φ2H
(n+ 2− Φ2H)
(
1 +
(n+ 1)(3n+ 4)(1− Φ2H)
6−n
2n
2
2(n+2)
n n3(n+ 2− Φ2H)
3n+4
n
fω(n,ΦH)
j
2(n+1)
n
)
, (4.25)
where,
fa(n,ΦH) = (n+ 2)
n+4
n
(
n(n+ 2)− (2 + n(n+ 4))Φ2H + (n− 1)Φ4H
)
ξ(n) ,
ft(n,ΦH) = (n+ 2)
n+4
n
(−3n(n+ 2) + (−2 + 3n(n+ 2))Φ2H − 3(n− 1)Φ4H) ξ(n) ,
fω(n,ΦH) = (n+ 2)
n+4
n
(
n(n+ 2) + (1− n(n+ 2))Φ2H3(n− 1)Φ4H
)
ξ(n) .
(4.26)
In the case ΦH → 0 these relations result in those presented in [9]. We now use these expressions and
compare it to the numerical charged solutions obtained in App. D and the charged Myers-Perry solutions
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obtained in [21] from Kaluza-Klein reduction. The reduced thermodynamic quantities (4.19) for these
solutions can be obtained from the asymptotic charges presented in [21].
Below we plot the reduced area as a function of j and ΦH for the values ΦH = 0, ΦH = tanh 0.5, ΦH =
tanh 0.8. The solid thick lines correspond to the charged Myers-Perry solutions, while the solid thin lines
to charged numerical solutions obtained using App. D. The thin dashed lines represent the phase diagram
obtained via Eqs. (4.23)-(4.26). The thin dashed cyan line is the phase diagram obtained for ΦH = tanh 0.5
in the absence of corrections, that is, when we ignore the terms proportional to ξ(n).
0.8 1.0 1.2 1.4 1.6
0.4
0.6
0.8
1.0
1.2
1.4
aH
j
Figure 1: The reduced area aH in D = 7 as a function of j,ΦH . The thick solid lines correspond to the
charged Myers-Perry black holes for ΦH = 0 (black line), ΦH = tanh 0.5 (purple line), ΦH = tanh 0.8
(brown line). The dashed lines of the same colour correspond to the curves obtained using Eqs. (4.23)-
(4.26) for the same values of ΦH . The cyan curve is the infinitely thin approximation for ΦH = tanh 0.5
obtained in [13]. The solid thin lines correspond to the numerically constructed black rings using App. D,
in particular, the solid thin red line represents ΦH = 0, the blue line ΦH = tanh 0.5 and the green line
ΦH = tanh 0.8.
We can see that the agreement with the numerical solutions is striking for all values of ΦH , as expected
due to the results for the neutral case [9], and that it gives a much better approximation than in the case
where corrections are ignored. This provides a check that the effective theory formulated here for charged
black branes is correct. As in the neutral black ring case, we see that charged black rings tend to increase
their reduced area (entropy) for a given value of j and ΦH compared to the case where terms proportional
to ξ(n) are ignored. Below we also exhibit the behaviour of the reduced temperature and angular velocity.
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Figure 2: On the left we have the behaviour of the reduced angular velocity and on the right of the
reduced temperature. The colour coding is the same as in the previous figure.
As mentioned below (4.22), our analysis is valid for ε˜ 1, for which the corrections are small, meaning
that we must have j  1. However, we see that the agreement with the numerical solutions is excellent
even when j ∼ O(1), which was already guaranteed due to the fact that the same agreement is observed
in the neutral case [9]. These charged black rings were conjectured to suffer from a Gregory-Laflamme
instability in [13]. Since we can see that introducing a small correction makes the approximation better,
we are lead to confirm that these black rings are indeed unstable.
5 Conclusions
In this paper we have studied the thermodynamic properties of stationary fluid branes, with dynamics
described by an effective action characterised by transport coefficients, and applied the results to higher-
dimensional black holes, where the transport coefficients are measured via the blackfold approach. In
particular, starting with the free energy, obtained via Wick rotation of the effective action, we have
deduced different formulas for the thermodynamic quantities characterising fluid branes. A set of these
formulas, presented in Eq. (2.13), is given in terms of the Killing vector field ka characterising the
stationary fluid brane configuration. When the description is applied to black holes, ka is interpreted as
the horizon Killing vector field and hence formulas (2.13) give a better physical picture in terms of the
symmetries of the brane and background geometry.
We have also analysed the constraints that followed by requiring these thermodynamic formulas, ob-
tained under the principle that (2.10) describes the generating function of the fluid brane, to match
the global charges obtained by integrating conserved surface currents in the corresponding world-volume
theory. This requirement constrains the transport coefficients υi, λi, $i to be functions of the local ther-
modynamic potentials of the fluid brane such as T ,Ω′qˆ,ΦH , which is expected from a hydrodynamics
perspective. However, in the case of the transport coefficients associated with transverse angular momen-
tum $i this requirement imposes powerful constraints in the transport coefficients as seen in Sec. 3. In
particular, if one neglects quadrupole and higher moments, one is able to find all the corrections to the
effective action (2.8) to an arbitrary order given only the leading order action in terms of λ0.
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The results of our analysis were generalised to the case of fluid branes carrying Maxwell or q = p-
brane charge in the absence of external background fields, though it would be interesting to generalise
the analysis to the case in which these fields are present. In the process, we gave generic expressions
for the entropy and charge currents characterising stationary fluid branes as well as Smarr-type relations
that such configurations need to satisfy. These results have allowed for a comparison between equilibrium
partition functions and entropy current in [3] as well as to deduce the corrected phase diagram of higher
dimensional neutral black rings [4, 9]. Our analysis is general and does not depend on the particular choice
of transport coefficients appearing in (2.9) but is instead applicable to all physical systems describable
in terms of the effective action (2.8), which includes systems usually found in the context of biophysical
membranes.
The understanding of the thermodynamics of these actions has allowed us, in the context of higher-
dimensional black holes, to compute corrections to black tori in Einstein gravity and charged black rings
in Einstein-Maxwell-Dilaton gravity within the blackfold approach in Sec. 4. In the case of charged black
rings we derived the full corrected phase diagram and compared it to charged Myers-Perry black holes in
this theory as well as to full numerical black ring solutions in D = 7, which we constructed via a solution
generating technique and taking the neutral numerical black ring solution [14] as the starting point. We
found that our effective description provides an excellent approximation to the full solution and that the
agreement extends way beyond its regime of validity. This is a strong indication that these black holes
suffer from a Gregory-Laflamme instability.
The results obtained in this paper can also be potentially applied in the context of thermal probes
and the AdS/CFT correspondence [6, 22, 23, 24, 25, 26, 27]. In some of these cases, this would require
a generalisation of our analysis to include possible couplings to background fields and, generically, since
these geometries are not characterised by flat world-volumes, it would be necessary to push the analysis
of [4, 18] to next order in a derivative expansion and to measure the transport coefficients in (2.9) denoted
by υi for i = 1, 2, 3.
Finally, our analysis opens up different avenues of research. In particular, it has given us the necessary
tools to extend the blackfold approach to the case of multi-spinning black branes such as the Kerr brane.
This allows us to construct several new black hole solutions with multiple disconnected horizons such as
doubly-spinning black rings in a doubly-spinning Myers-Perry black hole background and to analyse their
stability. This will be the subject of a later publication [28]. This analysis also allows for a deeper study
between spinning black holes and current anomalies in charged fluid dynamics as well as entanglement en-
tropy in theories with gravitational Chern-Simons terms [29]. We hope to address some of these questions
in the future.
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A World-volume currents from space-time currents
In this appendix we show how to obtain the conserved world-volume currents (2.15) identified in [2]
from conserved space-time currents. The pole-dipole object is characterised by a symmetric space-time
stress-energy tensor of the form7
Tˆµν(xα)=
∫
Wp+1
dp+1σ
√−γ
(
Bµν(Xα(σa))
δD(xα −Xα(σa))√−g −∇ρ
(
Bµνρ(Xα(σa))
δD(xα −Xα(σa))√−g
))
.
(A.1)
Therefore for any Killing vector field in the background space-time kµ(x
α) one has a conserved space-time
current of the form
P νk = Tˆ
µνkµ , (A.2)
which satisfies the conservation equation
∇νP νk = 0 , (A.3)
due to the symmetry properties of Tˆµν and the Killing equation. To obtain the conserved world-volume
currents and corresponding charges one solves Eq. (A.3) by introducing an arbitrary space-time function
f(xα) of compact support, i.e., we solve∫
dDx
√−g∇νP νk f = 0 . (A.4)
Solving this equation is reminiscent to solving the conservation equation for a space-time particle current
as in [19, 20], but it differs from it since this particular current involves the stress-energy tensor, which
solves its own conservation equation, and a space-time Killing vector, which solves the Killing equation.
A series of partial integrations using (A.1) leads to an integral of the form∫
Wp+1
dp+1σ
√−γ (Bνµkµ∇νf +Bνµρ∇ρkµ∇νf +Bνµρkµ∇ρ∇νf) = 0 . (A.5)
This integral is non-trivially invariant under the field redefinitions Xµ(σa) → Xµ(σ) + ε˜µ(σa), where
ε˜µ(σa) is an infinitesimal displacement vector of perturbative order O(ε˜). To precisely see the invariance
of this integral, note that we have the following transformations rules under the field redefinitions
δ2
√−γ = √−γuaρ∇aε˜ρ , δ2Bµν = −Bµνuaρ∇aε˜ρ − 2Bλ(µΓν)λρε˜ρ −
∂Bµν
∂Xρ
˜ρ , (A.6)
δ2B
µνρ = −Bµν ε˜ρ , δ2f = ε˜ρ∇ρf , δ2kµ = ε˜ρ∇ρkµ + kρ∇µε˜ρ . (A.7)
7This is a generalisation, introduced in [3], of the stress-energy tensor defined in [30].
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In order to solve the integral (A.5) we decompose f and its derivatives in independent components such
that [19, 20]
∇µf = f⊥µ + uaµ∇af , ∇ν∇µf = f⊥µν + 2f⊥(µauaν) + fabuaµubν , (A.8)
f⊥µa = ⊥λµ∇af⊥λ +
(
∇aubµ
)
∇bf , fab = ∇(a∇b)f − f⊥µ ∇buµa . (A.9)
On the world-volume the independent components are f⊥µν , f⊥µ , f . Here the symbol ⊥ means that the
space-time indices are purely orthogonal to the world-volume, for example, uµaf
⊥
µ = 0. Using this
decomposition we obtain the constraint equations
⊥λν⊥σρ Bµ(νρ)kµ = 0 , (A.10)
⊥σν Bµνkµ =⊥σν Bνµρ∇µkρ+ ⊥σν ∇a
(
Bνµλuaνkµ+ ⊥λρ Bµρνuaνkµ
)
, (A.11)
which are trivially satisfied due to the equations of motion for (A.1) obtained from solving ∇ν Tˆµν = 0 ,
namely [30]
⊥λν⊥σρ Bµ(νρ) = 0 , (A.12)
⊥σν Bµν =⊥σν ∇a
(
Bνµλuaν+ ⊥λρ Bµρνuaν
)
. (A.13)
In fact, in order to obtain (A.11) from (A.13) it is only necessary to contract (A.13) with kµ. Finally, we
obtain the non-trivial current conservation equation
∇a
(
Babkb + u
a
µk
⊥
ν ∇c
(
Bµρνucρ
)
+Baµρ∇ρkµ +BµνρkµubνKabρ
+ uµ
ak⊥ν ∇c
(
⊥νλ Bµλc
)
+BµρbkµK
a
bρ −∇b
(
Bµ(ab)kµ
))
= 0 ,
(A.14)
where we have defined k⊥µ =⊥λµ kλ and used Eq. (A.13). The second line in (A.14) is in fact pure gauge as
it involves only the components Bµνa, which can be set to zero everywhere on the world-volume, except
at the boundary, using the covariance of (A.1) [30]. We therefore use this freedom to set Bµνa = 0 on the
interior of the world-volume and hence find the conserved surface currents
Pak = Babkb + uaµk⊥ν ∇c
(
Bµρνucρ
)
+Baµρ∇ρkµ +BµνρkµubνKabρ . (A.15)
This set of conserved surface currents coincides with those identified in [2] and presented in Eq. (2.15)
provided one makes the identifications [2]
Bab = T ab + 2D(aciKb)ci , Babi = −Dabi , Baij = Saij . (A.16)
The conservation equation (A.14) is invariant under field redefinitions which can be clearly seen using the
transformations (A.6)-(A.7). Furthermore, the current Pak is not invariant under these field redefinitions
and in fact transforms as
Pak → Pak −Babkbucρ∇cε˜ρ⊥ , (A.17)
where we have decomposed ε˜µ as ε˜µ = uµaε˜
a + ε˜µ⊥ and considered the only non-trivial variation along
orthogonal directions to the world-volume. Nevertheless, the expressing for the charges obtained using
Pak given by Eq. (2.16) are invariant under these transformations.
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Conservation of surface currents at the boundary
In the analysis above we have only considered the interior of the world-volume but solving (A.3) also
results in boundary conditions. On the boundary we need to decompose ∇bf as ∇bf = ηb∇⊥f + va˜b∇a˜f
where ηb is a unit normal vector to the world-volume boundary, v
a˜
b are projectors onto the world-volume
boundary and the indices a˜ denote directions along the boundary [19, 20]. The independent components
are thus f⊥µ ,∇⊥f, f . With this we find the two constraint equations
Bνµρkµ ⊥λ(ρ uν)aηa|∂Wp+1 = 0 , Bµ(νρ)kµuνauρbηaηb|∂Wp+1 = 0 , (A.18)
which are trivially satisfied due to the equations for the stress-energy tensor, which in turn are equal
to the two above equations but without the contraction with kµ [30]. Lastly, we find the conservation
equation for the world-volume current
∇a˜
(
Bµ(ab)kµv
a˜
b ηa
)
− ηaPak = 0 , (A.19)
where now we write the full current Pak including the components Bµνa, which cannot be set to zero at
the boundary [30], using (A.14), that is
Pak = Babkb + uaµk⊥ν ∇c
(
Bµρνucρ
)
+Baµρ∇ρkµ +BµνρkµubνKabρ
+ uµ
ak⊥ν ∇c
(
⊥νλ Bµλc
)
+BµρbkµK
a
bρ −∇b
(
Bµ(ab)kµ
)
.
(A.20)
B Spin current conservation from the action
The action (2.8) when varied with respect to the scalars Xµ(σa) yields the pole-dipole equations equations
of motion upon suitable identifications [2]. However, the general form of the pole-dipole equations [30]
requires the spin current Saµν to be conserved according to second equation in (2.23) as well as the
integrability condition [2]
Dab[iKabj] = 0 . (B.1)
Here we will show that both these equations can be derived from the action (2.8) with Lagrangian (2.9)
by requiring it to be invariant under changes of the normal fields nµi. The extrinsic twist potential ωa
ij
is, in a sense, a gauge dependent object as it transforms under different choices of the normal fields
which form a SO(2) gauge group for each transverse two-plane. In particular, we consider an infinitesimal
transformation of the form
nµi → n˜µi = nµi +∇µΛi . (B.2)
By definition, we must have that n˜µi n˜µj = δij , implying, since n
µ
inµj = δij and uµ
an˜µi = 0 that
∇(iΛj) = 0 , uµa∇µΛi = 0 . (B.3)
Both the extrinsic curvature and the extrinsic twist potential transform under (B.2). Using the definition
Kµν
ρ = −γσνnρiγλµ∇λnσi together with ωaλρ = nλi∇anρi we find
uµau
ν
bnρ
iδΛKµν
ρ = −uµb∇a∇µΛi − uµb∇iΛj∇anµj , (B.4)
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nλ
inρ
jδΛωa
λρ = −∇µΛj∇anµi − nµj∇b∇µΛi , (B.5)
where we have ignored terms of order O(Λ2i ). The outer curvature of the embedding Ωabij defined as
Ωab
ij = ∇aωbij −∇bωaij + ωaikωbkj − ωbikωakj , (B.6)
can be seen as a field strength for the field ωa
ij and under (B.2) transforms as
∆ΛΩab
ij = 2∇kΛ[iΩabj]k . (B.7)
For the gauge transformation to preserve Ωab
ij one must impose ∇kΛ[iΩabj]k = 0. Turning now to the
action (2.8) and ignoring the first four terms in the the Lagrangian (2.9) since they do not transform
under (B.2) we find the variation
δΛI = β
∫
Bp
dV(p)R0
(
DµνρδΛKµνρ + SaλρδΛωaλρ
)
= −β
∫
Bp
dV(p)R0
[(
2Dab[iKabj] + nρinλj∇aSaλρ
)
∇iΛj +∇b
(
Sbij∇iΛj
)]
.
(B.8)
Since this variation must hold for all Λi we have that
2Dab[iKabj] = −nρinλj∇aSaλρ , (B.9)
and the last term in (B.8) yields a boundary term such that
Saijηa|∂Bp = 0 , (B.10)
where ηa is a unit normal vector to the boundary of the spatial world-volume Bp. The conditions (B.9)
and (B.10) fit into the pole-dipole equations of motion obtained in form given in [2] provided the l.h.s.
of (B.9) vanishes, which is indeed the case for the Lagrangians (2.9) we consider. Therefore the r.h.s. of
(B.9) also vanishes individually and hence we obtain the conservation equation given in (2.23).
C Relations for derivatives of Killing vector fields
We compute in this appendix the quantity ni
µnj
ν∇µkν |Bp where kµ is a Killing vector field of the back-
ground being either one of the Killing vector fields with non-trivial orbit on the brane embedding ξ and
χq or one of the transverse spin Killing vector fields χˆqˆ.
Consider a transverse spin plane with Killing vector field χˆqˆ = ∂φ. The metric for such a plane can
be written as
δijn
i
µn
j
νdx
µdxν = H(dr2 + r2dφ2) , (C.1)
where i, j only runs over the two values corresponding to the particular spin plane and H does not depend
on φ. The normal vectors are
n1r =
√
H cosφ , n1φ = −
√
Hr sinφ , n2r =
√
H sinφ , n2φ =
√
Hr cosφ . (C.2)
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We compute for a generic Killing vector field kµ
ni
µnj
ν∇µkν = niµnjν∇[µkν] = niµnjν∂[µkν] = (qˆ)ij
1
2
grrgφφ(n1rn2φ − n1φn2r)∂rkφ
= 
(qˆ)
ij
1
2
grrgφφ(n1rn2φ − n1φn2r)∂r(gφµkµ) , (C.3)
where we used that ∂φkr = 0 since χˆqˆ = ∂φ is a Killing vector field. Consider first k
µ = χˆµqˆ . We compute
ni
µnj
ν∇µχˆqˆ,ν = (qˆ)ij
1
2
grrgφφ(n1rn2φ − n1φn2r)∂rgφφ = (qˆ)ij (1 +
1
2
r∂rH) . (C.4)
Evaluating this on the brane (which sits at r = 0 as explained in Section 2.1) we get
ni
µnj
ν∇µχˆqˆ,ν
∣∣∣
Bp
= 
(qˆ)
ij , (C.5)
since regularity at r = 0 requires ∂rH|r=0 = 0.
Consider instead kµ = ξµ. We choose coordinates such that ξ = ∂t. Then,
ni
µnj
ν∇µξν = (qˆ)ij
1
2
grrgφφ(n1rn2φ − n1φn2r)∂rgφt . (C.6)
Instead one finds
ξaωaij = ωtij = niµ∇tnjµ = niµΓµtσnjσ = niµ
1
2
(∂σgtµ − ∂µgtσ)njσ
= −(qˆ)ij
1
2
grrgφφ(n1rn2φ − n1φn2r)∂rgtφ . (C.7)
Hence
ni
µnj
ν∇µξν
∣∣∣
Bp
= −ξaωaij , niµnjν∇µχq,ν
∣∣∣
Bp
= −χaqωaij , (C.8)
where the second identity can be obtained for kµ = χµq in the same way as for kµ = ξµ.
D Generating numerical charged black rings
In this appendix we take the black ring solution numerically constructed in [14] in D = 7 and construct
numerical charged black rings in Einstein-Maxwell-Dilaton theory via a solution generating technique.
This solution generating technique consists in uplifting a vacuum solution of pure Einstein gravity by
adding an extra flat direction z, consequently boosting it along the (t, z) plane with boost parameter α
and later reducing the metric over the z-direction. This uplift, boost and reduce (UBR) transformation
yields a charged solution of the actions of motion derived by varying the action
S =
∫ √−g(R− 1
2
(∂Φ)2 − 1
4
e−(D−1)aΦF 2[2]
)
, a =
1
2(D − 1)(D − 2) , (D.1)
where R is the Ricci curvature tensor, Φ the dilaton field and F[2] the field strength for the gauge field
A[1].
The neutral black ring solutions constructed in [14] for D = 6, 7 are characterised by the following
metric
ds2 = −Adt2 +Bdy2 + C(dx+ Fdy)2 + S1(dψ −Wdt)2 + S2dΩ2(D−4) , (D.2)
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where all the functions A,B,C, F, S1,W, S2 depend only on the coordinates x and y. Applying the UBR
transformation we obtain the transformed metric 8
ds2Q = H
1
D−3
(
−A
H
(
dt2 + S1 sinh
2 αdψ2
)
+
S1
H
(coshαdψ −Wdt)2 + C(dx+ Fdy)2 + S2dΩ2(D−4)
)
,
(D.3)
where the dilaton field Φ is defined via the relation
e−2(D−2)aΦ ≡ H = 1 + sinh2 (1−A+ S1W 2) , (D.4)
and the one-form gauge field in turn reads
Aµdx
µ =
sinhα
H
(
coshα(1−A+ S1W 2)dt− S1Wdψ
)
. (D.5)
Defining M∗, J∗,Ω∗, T ∗ as the thermodynamic quantities associated with the neutral solution (D.2)
before the UBR transformation, then the new quantities corresponding to the solution (D.3)-(D.5) are
related to the neutral ones via the relations
M =
M∗
(D − 2)(1 + (D − 3) cosh
2 α) , J = J∗ coshα , Ω =
Ω∗
coshα
, T =
T ∗
coshα
. (D.6)
Furthermore, one finds that the new solution has total charge and chemical potential given by, respectively,
Q =
(D − 3)
(D − 2)M
∗ sinhα coshα , ΦH = tanhα . (D.7)
Introducing now the reduced quantities (4.19) using the new thermodynamic quantities (D.6)-(D.7) and
given the numerical data j∗, a∗H, ω
∗
H, t
∗
H corresponding to the neutral black ring solution of [14] we are able
to generate numerical charged black rings in D = 7 and plot their phase diagram in Sec. 4 for different
values of ΦH .
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